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A two-dimensional (2D) model of a granular medium is represented as a square lattice consisting of elastically inter-
acting round particles possessing one rotational and two translational degrees of freedom. The diﬀerential equations
describing propagation and interaction of waves of various types in such a medium have been derived in the long-wave-
length approximation. Accounting for microrotations of the particles and moment interactions between them leads to
the consideration of so-called microrotation waves (spin waves). In the absence of microrotations, the governing equa-
tions degenerate into 2D Lame´ equations for anisotropic media. A one-to-one correspondence has been established
between the microstructure parameters and eﬀective elasticity constants of the second-order. Dependence of elasticity
constants on the size of grains has been analyzed. The proposed model is compared in the continuous approximation to
the equations of the 2D Cosserat continuum possessing macroscopic anisotropy.
 2005 Elsevier Ltd. All rights reserved.
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In recent years the condensed state of matter has been intensively studied at the mesoscale and nanoscale
levels. In particular, the mesomechanics and physics of ultragranular media and nanocrystalline materials
are being actively developed (see, for example, Panin, 1998; Gusev, 1998; Valiev and Alexandrov, 2000).
The diﬀerence in physical and mechanical properties of such materials is attributed to diﬀerent sizes of crys-
tallites and extremely developed boundaries containing up to 40–50% of the material. Experimental0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.06.012
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rate of plastic deformation increase in such materials with decreasing grain size. Moreover, simultaneous
increasing of damping and strength properties is observed, whereas in ordinary materials growth of damp-
ing properties is accompanied by a decrease in strength. It is impossible to reveal such features within the
scope of the standard classical theory of elasticity that considers a medium as a continuum of material
points possessing no structure per se (Kunin, 1983). In particular, such a simple scheme does not allow
one to establish a correlation between the eﬀective elasticity moduli of a medium and parameters of its inner
structure that is not considered. Consideration of this structure requires the elaboration of new mathemat-
ical models for media that would take into account the actual geometrical size of particles in an explicit
form. This modeling problem can be solved using the model approach based on the representation of a
medium by a system of interacting particles not reduced to ideal points. There are two ways to take into
consideration the medium discreteness. In the ﬁrst way (see, for example, Christoﬀersen et al., 1981;
Bogdanov and Skvortsov, 1992; Chang and Ma, 1994; Emericault and Cambau, 1996), a representative
volume element of the medium is considered as an ensemble of N bodies in close contact with one another.
Tangential and normal forces are introduced into consideration in the ﬁeld of contacts, and equations for
particle motions are derived from Newtons laws. As a result, the total motion of a representative volume
element of the medium is described by a set of N coupled equations. The second way (see, for example,
Pouget et al., 1986; Gendelman and Manevitch, 1996; Potapov et al., 1999; Lisina et al., 2001) consists
in representing the medium as a regular lattice, with bodies of ﬁnite sizes, instead of ideal dimensionless
material points, being located in the nodes. In contrast to points, these bodies possess both translational
and rotational degrees of freedom. The last fact enlarges substantially the kinematic capabilities of models
of this type. Again, as distinct from the standard theory of crystal lattices (Born and Huang, 1954), the pres-
ence in lattice nodes of bodies of ﬁnite size and shape allows one to consider both central and non-central
interactions between the particles (Maugin, 1999; Suiker et al., 2001). Allowance for microrotations with
respect to mass centres of the particles leads to the appearance in granular-like media of motions of a
new type—microrotation waves—compared to classical continua and the usual description of granular
materials. Expressions for the kinetic and potential energies or equivalently for the Lagrange function of
the system for the given lattice structure are set forth following well-known rules. Then diﬀerential-diﬀer-
ence equations of lattice motion are derived from the Lagrange function. In each of the above mentioned
approaches, the transition from a discrete to a continuous model is achieved by extrapolating the functions
given at discrete points by continuous ﬁelds of displacements and microrotations. A hierarchy of quasicon-
tinuum models of a medium can be constructed by considering various extrapolations. Other sophisticated
modelings are illustrated by the recent work of Grekova and Maugin (2005).
An important remark is in order. Obviously, from their many previous works the authors know that the
procedure described in the above paragraph will yield so-called Cosserat or micropolar media as eﬀective
continua. It is out of place here to repeat the history of Cosserat continua, which has been told so nicely
by authors like Eringen (1968, 1999), Brulin and Hsieh (1982), and Nowacki (1986; Polish original in 1971).
Nor do we need to remind the reader of the several lattice modelings of Cosserat continua by, e.g., Askar
(1986), Pouget and Maugin (1989), and Suiker et al. (2001). Other techniques to obtain eﬀective Cosserat
continua may consider a mechanical modeling with elastic trusses (Askar and Cakmak, 1968; Limat, 1988),
or some homogenization technique (Forest, 1998). The purpose of the present paper is not to obtain or jus-
tify equations of Cosserat continua. It is to obtain a manageable simple model of granular materials in
which the rotational degree of freedom plays a dynamical role. It happens that the obtained models belong
in the class of Cosserat (or oriented, or micropolar) continua in the same way as ferroelectric crystals
equipped with a molecular group belong in this class (Pouget et al., 1986), and just the same for some liquid
crystals (Stokes, 1984). Of direct relevance to the present work are the papers by Limat (1998) and Bogda-
nov and Skvortsov (1992) where quasi-static rotational eﬀects in the shear of a granular medium are con-
sidered on the basis of a discrete description based on elastically connected rigid disks following Schwartz
Fig. 1. A square lattice of granules.
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C12 = 0; see below). The rotational wave in an abstract Cosserat continuum is an admitted mathematical
possibility. Proving its actual existence by experiments is another matter. Exhibiting rotational waves in a
true granular material is a serious endeavor.
A granular material can be regarded as a two-phase medium composed of rigid granules and inter-
granular boundaries (porous space). A two-dimensional (2D) model for a granular-like medium is dis-
cussed in this paper that is a further development of the article by Lisina et al. (2001). The model is
a square lattice (Fig. 1) consisting of rigid round particles (phase 1) possessing one rotational and two
translational degrees of freedom. The porous space (phase 2) is a zero-mass non-linearly elastic medium
through which force and moment interactions are translated. The main goal of the paper is the derivation
of governing equations and ﬁnding the relationship between elastic properties of a granular material and
parameters of its microstructure. Contrary to previous works, we give here estimates for the related char-
acteristic frequencies for a set of real crystals while the models correctly yield elasticity relations for cubic
crystals.2. The discrete model
We consider a two-dimensional square lattice consisting of homogeneous round particles (granules) hav-
ing massM and diameter d. At the initial state (t = 0), they are located at the lattice nodes, and the distance
between the mass centres of neighbouring granules both along the x- and y-axes equals a (Fig. 1). Each
particle, when moving in its plane, has three degrees of freedom: displacement of the mass centre of the
particle with number N = N(i, j) along the x- and y-axes (translational degrees of freedom ui,j and wi,j)
and rotations relative to the mass centre (rotational degree of freedom ui,j) (Fig. 2). The kinetic energy
of the particle N(i, j) is equal toT ij ¼ M
2
ð _u2i;j þ _w2i;jÞ þ
J
2
_u2i;j. ð1Þ
Fig. 2. Scheme of force interaction between the granules.
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dots denote derivatives with respect to time.
The particle N is supposed to interact directly with eight nearest neighbours in the lattice. The mass cen-
tres of four of them are on horizontal and vertical lines, while the mass centres of the other four neighbour-
ing particles lie along diagonals (Fig. 2). The ﬁrst four particles, mass centres of which are located on a
circumference of radius a, will be called below particles of the ﬁrst coordination sphere. The remaining four
neighbours will be called particles of the second coordination sphere (their mass centres lie on a circumfer-
ence of radius a
ﬃﬃﬃ
2
p
). The centres of both circumferences coincide with particle N. Central and non-central
interactions between the neighbouring particles are modelled by elastic springs of four types (Lisina et al.,
2001; Suiker et al., 2001; Potapov et al., 2001). The central springs having rigidity k0 together with the hor-
izontal and vertical springs with rigidity k1 deﬁne interaction forces of extension/compression of the mate-
rial, whereas the springs with k1 transmit also moments to particle rotation. The diagonal springs with
rigidity k2 characterise force interactions of the granules of shear deformations in the material. The springs
possessing rigidity k3 model interactions with the particles of the second coordination sphere.
The particle displacements are assumed to be small compared to the size of the elementary cell con-
structed on two perpendicular vectors of length 2a. The interaction between the particles when they deviate
from the equilibrium states is determined by relative extensions of the springs (Fig. 2). The potential energy
of particle N produced by its interaction with eight nearest neighbours in the lattice is described byUN ¼ k0
2
X4
n¼1
D20n þ
k1
2
X8
n¼1
D21n þ
k2
2
X8
n¼1
D22n þ
k3
2
X4
n¼1
D23n. ð2ÞHere Dln (l = 0,1,2,3) are relative extensions of the springs connecting the particle with its neighbours.
Spring extensions, Dln, calculated for small quantities Dui = (ui,j  ui1,j)/a  Dwi = (wi,j  wi1,j)/a  ui,j 
e 1 (here e is a measure of cell deformation) and Ui = (ui,j + ui1,j)/2 = ui,j  0.5aDui p/2 are given in
the Appendix. The expression for the potential energy per one particle with number N = N(i, j), to an accu-
racy of terms of order e2, takes on the form
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2
8
B3ððDuiÞ2 þ ðDujÞ2Þ
þ B4ðDuiDwj þ DujDwiÞ þ B5ðDwiUi  DujUjÞ þ B6u2ij. ð3Þ
Here the ﬁrst two terms with coeﬃcients B1 and B2 describe the energy of longitudinal and shear deforma-
tions, the third and sixth contributions characterize the energy provided by non-central (moment) interac-
tions of the particles, and the fourth and ﬁfth terms stand for the energy of coupling of the transverse
displacements with longitudinal and rotational degrees of freedom of the particles, respectively. Coeﬃcients
B1, . . ., B6 in these contributions are expressed explicitly in terms of the micromodel parameters and elas-
ticity constants of the springs by the formulaeB1 ¼ a
2
2
k0 þ 2k1 þ 2h
2
r2
k2 þ k3
 
; B2 ¼ a
2
2
d2
r2
k2 þ k3
 
;
B3 ¼ a2 k1 þ a
2
r2
k2
 
; B4 ¼ a2k3; B5 ¼ B6 ¼ a
2d2
r2
k2;
ð4Þwhere h ¼ a d= ﬃﬃﬃ2p and r ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ0.5d2 þ h2p are, respectively, the lengths of horizontal and diagonal springs
at the initial state.
The diﬀerential-diﬀerence equations describing lattice dynamics are Lagrange equations of the second
kindd
dt
oL
o _qðlÞij
 !
 oL
oqðlÞij
¼ 0; ð5ÞIn Eq. (5) L ¼Pi;jðT i;j  Ui;jÞ is the Lagrange function compiled from expressions (1) and (3), qðlÞij are the
generalized coordinates ðqð1Þij ¼ uij; qð2Þij ¼ wij; qð3Þij ¼ uijÞ, _qðlÞij are the time derivatives of the generalized
coordinates (generalized velocities). Such equations are useful, in particular, for numerical simulation of
the system response to external dynamic forcing. However, for comparison of the proposed mathematical
model of granular medium with the known theories of solids it is convenient to pass over from the discrete
to the continuous description.3. Long-wavelength approximations of the discrete model
For long-wavelength perturbations, when k a (where k is a characteristic spatial scale of deformation),
one can pass from discrete labels i and j to continuous spatial variables x = ia and y = ja. In this case, the
functions speciﬁed at discrete points are interpolated by the continuous functions and their partial deriva-
tives (Born and Huang, 1954)ui1;j1ðtÞ ¼ uðx a; y  a; tÞ
¼ uðx; y; tÞ  a ou
ox
þ ou
oy
 
þ a
2
2
o2u
ox2
þ 2 o
2u
oxoy
þ o
2u
oy2
 
 a
3
6
o3u
ox3
þ 3 o
3u
ox2 oy
þ 3 o
3u
oxoy2
þ o
3u
oy3
 
þ    ð6ÞSimilar expansions are also used for functions wi±1,j±1(t) and ui±1,j±1(t). Depending on the number of
terms kept in (6), one can consider various approximations of the discrete model for a granular medium.
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If only quantities of the ﬁrst order of smallness are taken into consideration in the expansions (6), which
corresponds to the local theory of elasticity, then the two-dimensional density of the Lagrange function L
(Lagrangian) of the medium takes on the formL ¼ q
2
ðu2t þ w2t þ R2u2t Þ
 q
2
c21ðu2x þ w2yÞ þ c22ðw2x þ u2yÞ þ R2c23ðu2x þ u2yÞ þ s2ðuxwy þ uywxÞ þ 2bðwx  uyÞuþ 2bu2
h i
. ð7Þ
Using the Lagrange function (7), a set of diﬀerential equations of the ﬁrst approximation describing dy-
namic processes in a granular medium, is derived in agreement with Hamiltons variational principleutt ¼ c21uxx þ c22uyy þ s2wxy  buy ;
wtt ¼ c22wxx þ c21wyy þ s2uxy þ bux;
utt ¼ c23ðuxx þ uyyÞ þ
b
R2
ðuy  wx  2uÞ.
ð8ÞHere, the following notation has been introduced: ci ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Bi=qa2
p
(i = 1–3) are the velocities of longitudi-
nal, transverse, and rotational waves, b = B5/qa
2 is the parameter of linear coupling of the rotational wave
with the transverse and longitudinal ones, s ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2B4=qa2p is the parameter of linear coupling between the
longitudinal and transverse waves, R ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃJ=Mp ¼ d= ﬃﬃﬃ8p is the radius of inertia of the medium microparticles
relative to the mass centre, and q =M/a2 is the average surface density of the granular medium (remember
the model is 2D).
Set (8) diﬀers from the equations of the classical theory of elasticity (Nowacki, 1986) by the additional
equation for the microrotation wave. In the continuous approach this equation follows from the conserva-
tion law of moment of momentum (or angular momentum), if the internal moments of particles of a med-
ium are introduced into consideration (Eringen, 1999). It should be noted that the third equation (8)
describing microrotations of the particles, diﬀers basically from the ﬁrst two ones. It has a solution that
is homogeneous in space and oscillating in time and satisﬁes equation utt þ x20u ¼ 0, where x0 ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2b=R2
p
is the natural frequency of microrotations. For frequencies x 6 x0, microrotations are localized
perturbations and do not propagate.
On account of Eq. (5) the coeﬃcients of Eq. (8) are expressed in terms of force constants k0, k1, k2, k3
and particle diameter d as follows:qc21 ¼ k0 þ 2k1 þ
2h2
r2
k2 þ k3; qc22 ¼
d2
r2
k2 þ k3;
qc23 ¼ 2 k1 þ
a2
r2
k2
 
; qs2 ¼ 2k3; qb ¼ d
2
r2
k2 ¼ q c22 
s2
2
 
.
ð9ÞNote that the ﬁfth equality in (9) yield the relation 2c22  s2 ¼ 2b. Hence, only four of the ﬁve coeﬃcients
in Eq. (8) are independent. Moreover, the fourth relation in (9) requires accounting for interactions with
particles of the second coordination sphere. If this is neglected, then the quantity qs2 vanishes, which con-
tradicts the classical theory of elasticity.
Besides, parameters of force interaction between the particles, k0, k1, k2 and k3, can be expressed in terms
of macrocharacteristics of a medium through a simple inversion of Eq. (9):k3 ¼ qs2=2; k2 ¼ qb r
2
d2
¼ qr
2
2d2
ð2c22  s2Þ; k1 ¼
q
2
c23 
a2
d2
ð2c22  s2Þ
 
;
k0 ¼ qðc21  c22  c23Þ þ
qa
ﬃﬃﬃ
2
p
d
ð2c22  s2Þ.
ð10Þ
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and macrocharacteristics of a granular medium. This interrelation can be used, in particular, for diagnostics
of microstructured materials using data of acoustic experiments.
3.2. The second approximation (quasicontinuum model)
If quantities up to the second-order of smallness are taken into account in the expansion (6) (this cor-
responds to the gradient approximation of the non-local theory of elasticity; see, for example, Kunin,
1983; Kosevich, 1999), then the two-dimensional density of the Lagrange function L (Lagrangian) of the
medium takes on the form:L¼ q
2
ðu2t þw2t þR2u2t Þ 
q
2

c21ðu2x þw2yÞ þ c22ðw2x þ u2yÞ þR2c23ðu2x þu2yÞ þ s2ðuxwy þ uywxÞ þ 2bðwx uyÞu
þ2bu2þ a
2
4
c21ðu2xxþw2yyÞ þ c22ðw2xxþ u2yyÞ þR2c23ðu2xxþu2yyÞ þ s2ðuxxwyy þ uyywxxÞ
 
. ð11Þ
In this approximation, the set of the diﬀerential equations describing the interaction of longitudinal,
transverse and spin waves in a granular medium is written asutt ¼ c21uxx þ c22uyy þ s2wxy  buy þ
a2
4
ðc21uxxxx þ c22uyyyy þ s2wxxyyÞ;
wtt ¼ c22wxx þ c21wyy þ s2uxy þ bux þ
a2
4
ðc22wxxxx þ c21wyyyy þ s2uxxyyÞ;
utt ¼ c23ðuxx þ uyyÞ þ
b
R2
ðuy  wx  2uÞ þ a
2
4
c23ðuxxxx þ uyyyyÞ.
ð12ÞEq. (12) diﬀer from (8) by the presence of additional terms containing higher-order derivatives and causing
spatial dispersion. In this case, propagation of one-dimensional waves along the x–axis is described by the
following equations:utt ¼ c21uxx þ
a2
4
c21uxxxx;
wtt ¼ c22wxx þ bux þ
a2
4
c22wxxxx;
utt ¼ c23uxx 
2b
R2
uþ a
2
4
c23uxxxx 
b
R2
wx.
ð13ÞFrom (13) it is clear that the longitudinal wave possesses a high-frequency dispersion (Muhlhaus and Oka,
1996; Potapov et al., 1999; Maugin, 1999) that is not taken into account by the local theory. Hence, the
second approximation allows for dispersion of longitudinal waves that was experimentally observed in alu-
minium alloys (Savin et al., 1970) and composites (Erofeyev and Rodyushkin, 1992). It should be noted
that account of non-locality of particle interaction in a medium also leads to similar equations (Kosevich,
1999). The diﬀerence is that all the coeﬃcients at higher derivatives in (12) are found from the decompo-
sition (6) and are always positive; while in the equations of the non-local theory, the coeﬃcients are also
determined by constants of force interaction with particles of the third and fourth coordination spheres
and can be negative.4. The inﬂuence of microstructure on macroelasticity constants
Let us investigate the inﬂuence of microstructure on eﬀective constants of macroelasticity within the
scope of the model of the ﬁrst approximation (Misra and Chang, 1993). In order to reveal the physical
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known continuum models. For example, in a low-frequency range, where rotational degrees of freedom
of the particles are negligible (i.e. u = 0), Eq. (8) coincide with the two-dimensional Lame´ equations for
anisotropic media with cubic symmetry:qVutt ¼ C11uxx þ C44uyy þ ðC12 þ C44Þwxy ;
qVwtt ¼ C44wxx þ C11wyy þ ðC12 þ C44Þuxy .
ð14ÞHere qV = q/a means a ‘‘volume’’ density of the medium. By comparing the coeﬃcients in (8) and (14) one
can ﬁnd a relationship between velocities of propagation of longitudinal (c1) and shear (c2) waves and
parameter s, on the one hand, and the second-order elastic constants C11, C12 and C44, on the other handc21 ¼
C11
qV
; c22 ¼
C44
qV
; s2 ¼ C12 þ C44
qV
. ð15ÞUsing relationships (9) and (15) one can express the coeﬃcients of the matrix of elastic constants in terms
of parameters of the material microstructureC11 ¼ k0 þ 2k1 þ k3a þ
2ða ﬃﬃﬃ2p  dÞ2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
;
C12 ¼ k3a 
2d2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
;
C44 ¼ k3a þ
2d2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
.
ð16ÞFrom the last two expressions (16) it follows that the inequality C44 > C12 is valid for any size of grains
d > 0. However, C44 < C12 in many cubic crystals. It is possible to expand the applicability limits of the pro-
posed model, particularly, by taking into account internal stresses in a material (Potapov et al., 2001). It
should also be noted that even if the particles do not make microrotations, a print of the granular structure
of the medium is stored in the form of the dependence of eﬀective elasticity moduli on microstructure
parameters. So, when the grain size tends to zero, the equality C12 = C44 follows from (16), which is the
Cauchy relation for crystals with cubic symmetry. Presence in a medium of only central forces of interac-
tion between the particles (Feynman et al., 1964), i.e. k1 = k2 = 0, is one of the conditions for validity of this
equality. If a medium consists of material points, then, as follows from (16), elasticity moduli equal
C011 ¼ ðk0 þ k3Þ=a, C012 ¼ C044 ¼ k3=a.
The dimensionless elasticity constants of the second-order versus relative size of grain d/a are analyzed
graphically in Fig. 3 for the force constants k1/k0 = 0.1, k2/k0 = 0.6, and k3/k0 = 0.8. The choice of the val-
ues of force constants was based on the assumption that central interactions play the main role. Non-cen-
tral interactions were supposed to be weak in comparison with the central ones. From this ﬁgure it is visible
that elasticity moduli C11 and C12 decrease monotonically as the grains grow in size, while C44 on the con-
trary, increases monotonously.
By inverting the system (16) expressions for the force constants of the micromodel in terms of elasticity
moduli of a medium are found to be given byk3 ¼ a
2
ðC44 þ C12Þ; k2 ¼ a
4
ðC44  C12Þ 1þ 2 ad 
ﬃﬃﬃ
2
p
2
 !20@
1
A;
k0 þ 2k1 ¼ aC11  a
2
ðC44 þ C12Þ  aðC44  C12Þ ad 
ﬃﬃﬃ
2
p
2
 !2
.
ð17Þ
Fig. 3. Dependence of elasticity moduli on grain size.
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and typical sizes of particles.
Averaged elastic Lame´ constants, k and l, are frequently used in the mechanics of materials for the
description of nonetheless anisotropic media. For example, Voigts averaging for cubic crystals (Hirth
and Lothe, 1970) leads to the following expressions:k ¼ C12  15H ; l ¼ C44  15H .Here H = 2C44 + C12  C11 is the so-called anisotropy factor (more usually g = H/(C11  C12) which mea-
sures departure from isotropy; Maugin, 1988, p. 128) that is expressed in terms of micromodel parameters
asH ¼ 2k3  k0  2k1
a
þ 4aðd
ﬃﬃﬃ
2
p  aÞ
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
.From the condition H = 0 it is possible to ﬁnd values of microstructure parameters for which macroscopic
properties of a medium remain isotopic. For example, a square lattice consisting of pointwise particles is
isotropic when 2k3 = k0 + 2k1 + 2k2.5. Comparison with the cosserat theory
It is interesting to compare Eq. (8) with equations for the dynamics of a two-dimensional Cosserat con-
tinuum obtained by other authors (Suiker et al., 2001; Nowacki, 1986) consisting of centrally-symmetric
particles. The Lagrangian of this continuum has the form:L ¼ qV
2
ðu2t þ w2t þ R2u2t Þ 
1
2
B11ðu2x þ w2yÞ þ B44 þ
j
2
 
ðw2x þ u2yÞ þ cðu2x þ u2yÞ
h
þ B12 þ B44  j
2
 
ðuxwy þ uywxÞ þ 2jðwx  uyÞuþ 2ju2
i
. ð18ÞHere B11, B12 and B44 are macroelasticity constants of the second-order, and c and j are phenomenological
constants characterizing the medium microstructure.
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medium can be expressed in terms of the second-order elastic constants and microstructure constants by the
formulaec21 ¼
B11
qV
; c22 ¼
2B44 þ j
2qV
; s2 ¼ 2B12 þ 2B44  j
2qV
; c23 ¼
c
qVR
2
; b ¼ j
qV
. ð19ÞThe inverse dependence with allowance for the relation 2c22  s2 ¼ 2b is written in the formB11 ¼ qVc21; B12 ¼
qVs
2
2
; B44 ¼ qV
4
ð2c22 þ s2Þ; j ¼ qVb; c ¼ qVc23. ð20ÞIt is worthy of notice that the second-order macroelasticity constants (Bij) introduced in (18) and Lame
costants (Cij), in general, diﬀer from each other. Really, if u = 0 in (18), then B11 = C11, B44 + j/2 = C44,
and B12  j = C12. From the second and the third equations in (20) as well as from the second expression in
(19) it follows that:B44  B12 ¼ j
2
. ð21ÞFrom this expression it is clear that the infringement of Cauchy relations for crystals with cubic symmetry
(i.e. requirement of centrally symmetric interaction) is caused by the intrinsic features of the microstructure.
Parameter j that is responsible for coupling between microrotations of the particles and shear deformations
can be found from the critical frequency of microrotation wave x0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2j=qVR
2
p
.
Using relationships (20) and (9) one can express constants of the Cosserat medium in terms of micro-
structure parameters (see also (16))B11 ¼ k0 þ 2k1 þ k3a þ
2ða ﬃﬃﬃ2p  dÞ2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
; B12 ¼ k3a ; B44 ¼
k3
a
þ d
2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
;
j ¼ 2d
2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
; c ¼ 2 k1
a
þ 2a
2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
 !
.
ð22ÞSimilar relations were obtained by Suiker et al. (2001); however in that work particles were considered to be
pointwise, so that the constants were independent of the grain size.6. Estimate of spin wave parameters
As up to now there is no direct experimental proof of the existence of rotational waves in solids with
granular structure, so that an estimate of the values of the velocity and critical frequency of such a wave
in a granular medium would be of great interest. From (9) it follows that velocity c3 depends on microstruc-
tural parameters by an expression such asqVc
2
3 ¼ 2
k1
a
þ 2a
2
d2 þ ða ﬃﬃﬃ2p  dÞ2
k2
a
 !
. ð23ÞUsing relation (17) one can obtain from (23) an expression for the spin wave velocityc23 ¼
2
qVðK þ 2Þ
C11  C44 þ K þ 4
ﬃﬃﬃ
2
p
p
2p2
ðC44  C12Þ
" #
; ð24Þ
Table 1
Structural parameters Crystal
LiF NaF NaBr
Density (kg/m3) qV 2600 2800 3200
Elasticity constants (109 N/m2) C11 113.00 97.00 32.55
C12 48.00 25.60 13.14
C44 63.00 28.00 13.26
Anisotropy factor g = H/(C11  C12) (109 N/m2) g 0.938 0.216 0.366
Wave velocities (m/s) c1 6593 5890 3190
c2 4922 3162 2036
c3 3264 2283 1026
Normalized threshold frequency of spin wave (m/s) x0d 46,150 6860 300
Normalized parameters of force interactions between the granules (109 N/m2) k0/a 45.876 58.174 16.109
k1/a 4.588 5.817 1.611
k2/a 4.974 0.796 0.040
k3/a 55.500 26.800 26.660
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the particles. Values of spin wave velocity and normalized threshold frequency of this wave,x0d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8ðC44  C12Þ=qV
p
; ð25Þare listed in Table 1 for some cubic crystals. In this Table values for the elasticity constants C11, C12 and
C44, as well as the density q, were taken from known experimental data at normal temperature (see Frantse-
vich et al., 1982). The anisotropy factor, g, was found from the elasticity constants according to its deﬁni-
tion. Values of the longitudinal, c1, and transverse, c2 wave velocities have been calculated due to standard
formulas (15). The rest of the computations, for c3 and x0d, as well as for parameters of force interactions,
were performed on the basis, respectively, of Eqs. (24), (25) and (17) for p = 0.9 and K = 10 (central inter-
actions dominate). Analysis showed that for 0.9 < p < 0.99, quantities c3, k0, k1, and k2 varied by less than
10%.
It is clear from this table that the spin wave velocity is minimal for all the considered materials. Estimates
verify that in a nanocrystalline medium with grain diameter d = 100 nm = 107 m, the critical frequencies
lie in the interval from x0  4.615 · 1011 s1 (for LiF) up to x0  3 · 109 s1 (for NaBr). Data for a hyp-
othetic granular medium such as concrete are cited by Suiker et al. (2001) but this is a totally diﬀerent med-
ium where the critical frequencies are several orders lower than those mentioned above.7. Conclusions
If a granular medium is modeled by a chain of material points connected by springs of various rigidity,
then only central interactions of particles are taken into account when forces are directed along a line join-
ing mass centres of the particles. Such models do not allow a correct investigation of shear deformations in
granular media, as for this purpose it is necessary to take into account microrotations and the moment
interactions of particles that are caused, for example, by the presence of non-central forces of interaction.
In this paper a two-dimensional mathematical model of a granular medium has been developed which
diﬀers from the classical theory of elasticity by the presence of a new equation for a microrotation wave.
The obtained equations structurally coincide with the equations of the anisotropic Cosserat continuum
I.S. Pavlov et al. / International Journal of Solids and Structures 43 (2006) 6194–6207 6205with centrally symmetric particles. However, as distinct from the Cosserat theory, in the proposed model
the coeﬃcients depend explicitly on the sizes of the particles and parameters of their force interaction. This
enables one to analyze theoretically the dependency of a longitudinal wave velocity on the size of the grains
observed in experiments.
Estimates performed in the work show that in cubic crystals the microrotation wave velocity is, as a rule,
less than the translational waves velocities, and the threshold frequency of the microrotation wave lies in a
hypersonic range. At present there are no direct experimental proofs of the existence of microrotation
waves in solids with granular structure, but spin waves in ferromagnetics (Maugin, 1988, 1999) and waves
of director rotation in liquid crystals are their close analogs (see Pouget and Maugin, 1989, for a close anal-
ogy in solids). It is expected that microrotation waves will be detected in solids in the near future. For the
moment, we note that in the low-frequency range, where rotational degrees of freedom of particles are neg-
ligible, Eq. (8) reduce to the well-known Lame´ equations (14) for a medium with cubic symmetry. But even
in this limit case, a print of its granular structure is still left in the form of the relashionship between the
macroscopic characteristic parameters of the medium and the micromodel parameters.Acknowledgements
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Before calculating spring extensions let us note that, because of the symmetry of the lattice, if we rotate it
by 90 or 180, some springs transform into other springs. Due to this, we need not write down 24 expres-
sions for deformations of all the springs. One expression can be suitable for extensions of several springs.
Spring extensions calculated for small dimensionless displacement diﬀerences Dui = (ui,j  ui1,j)/
a  Dwi = (wi,j  wi1,j)/a  ui,j  e 1 (here e is a measure of cell deformation) and Ui = (ui,j + ui1,j)/
2 = ui,j  0.5aDui p/2, have the following form1:1 LinD0ði1;jÞ ¼ aDui  D0ðiþ1;jÞ;
D0ði;j1Þ ¼ aDwj  D0ði;jþ1Þ;
Dl;r1ði1;jÞ ¼ aDui 
ad
2
ﬃﬃﬃ
2
p Dui  Dr;l1ðiþ1;jÞ;
Dr;l1ði;j1Þ ¼ aDwj 
ad
2
ﬃﬃﬃ
2
p Duj  Dl;r1ði;jþ1Þ;
Dþ;2ði1;jÞ ¼
a
r
hDui  dﬃﬃﬃ
2
p Dwi  dﬃﬃﬃ
2
p Ui
 
 D;þ2ðiþ1;jÞ;
Dþ;2ði;j1Þ ¼
a
r
hDwj  dﬃﬃﬃ
2
p Duj 	 dﬃﬃﬃ
2
p Uj
 
 Dþ;2ði;jþ1Þ;
D3ði1;j1Þ ¼ aﬃﬃﬃ
2
p ðDui þ Duj þ Dwi þ DwjÞ  D3ðiþ1;jþ1Þ;
D3ðiþ1;j1Þ ¼ aﬃﬃﬃ
2
p ðDui  Duj  Dwi þ DwjÞ ¼ D3ði1;jþ1Þ;
ð26Þear terms for the spring extensions are retained in (26) only.
6206 I.S. Pavlov et al. / International Journal of Solids and Structures 43 (2006) 6194–6207where h ¼ a d= ﬃﬃﬃ2p and r ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ0.5d2 þ h2p are, respectively, the lengths of horizontal and diagonal springs
at the initial state. Here, the ﬁrst lower index for D means the type of spring (0, 1, 2, or 3) and the second
lower label, in brackets, shows the coordinates of the particle connected by this spring with particle N. In
Eq. (26) some formulas are written for extensions of two or four springs, as it was mentioned above. First,
the spring extensions indicated by signs of equivalence have been obtained by the substitution of all indices i
by i + 1 and j by j + 1. Second, the special upper labels are introduced in order to distinguish the springs
with parameters k1 and k2 in couples. Sign l is used for the left springs, and r—for the right ones in pairs of
the horizontal and vertical springs. Here the springs are considered to be left or right with a viewpoint of an
observer located in the centre of particle N and looking at the neighbouring particle. The diagonal springs
in pairs can point to one direction, with a viewpoint of the same observer, either clockwise (upper label +)
or counter clockwise (label ). In both cases, the upper indices of D are separated by commas (+, or r, l),
and in symbols ± and 	 the upper sign is taken for extensions of the springs with the ﬁrst label, and the
lower one with the second number.References
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